Let f and g be two noncommutative polynomials in disjoint sets of variables. An algebra A is verbally prime if whenever f · g is an identity for A then either f or g is also an identity. As an analogue of this property Regev proved that the verbally prime algebra M k (F ) of k × k matrices over an infinite field F has the following primeness property for central polynomials: whenever the product f ·g is a central polynomial for M k (F ) then both f and g are central polynomials. In this paper we prove that over a field of characteristic zero Regev' s result holds for the verbally prime algebras M k (E) and M k,k (E), where E is the infinite dimensional Grassmann algebra.
Introduction
The notion of verbally prime algebras was introduced by Kemer (see [10] ) and these algebras are of fundamental importance in PI-theory. An algebra A is verbally prime if whenever the product of two polynomials f and g in distinct variables is an identity for A then either f or g is also an identity. In the case of characteristic zero the verbally prime algebras are (up to p.i. equivalence) M n (K), the algebra of n × n matrices over the field K, the algebra M n (E) of n × n matrices over the Grassmann algebra of an infinite dimensional vector space and its subalgebras M p,q (E), where p + q = n.
The existence of central polynomials for verbally prime algebras was proved by Kemer [11] and earlier for matrix algebras independently by Formanek [7] and Razmyslov [13] . As a consequence of this some important results were obtained using central polynomials for matrix algebras (see [6, Chapter 4] ). The existence of central polynomials for verbally prime algebras was used by A. Belov in [3] to prove that each associative PI-algebra does not coincide with its commutant.
Amitsur proved in [1] that M k (F ) is verbally prime. In fact a stronger statement was proved: if the product of any two polynomials f · g is an identity for M k (F ) then either f or g is. An analogous property for the central polynomials of A = M k (F ) was proved by Regev in [14] : if the product f (x 1 , . . . , x r ) · g(x r+1 , . . . , x s ) is a central polynomial for A then both f and g are central polynomials.
In this paper we prove that Regev's result holds for the verbally prime algebras M k (E) and M k,k (E). We use the regular decompositions of the algebras M k (E) and M k,k (E). Regular algebras were defined in [15] in the study of multilinear identities of Z 2 -graded tensor products of p.i. algebras.
Preliminaries

Identities and Central Polynomials
Let F be a field of characteristic zero. In this article all algebras, vector spaces and tensor products are over F . Denote by F X the free associative algebra on the free generating set X = {x 1 , x 2 , . . .}. The degree of a polynomial f in the variable x i is denoted by deg
A polynomial f (x 1 , . . . , x n ) is a polynomial identity for an algebra A if f (a 1 , . . . , a n ) = 0 for every a 1 , . . . , a n ∈ A. The center of A is denoted by Z(A), and if f (a 1 , . . . , a n ) ∈ Z(A) for every a 1 , . . . , a n then f is a central polynomial for A. Moreover if f is not an identity then it is a proper central polynomial for A. The set T (A) of all polynomial identities for A is a T -ideal of A. In order to simplify the statments of the results in this article we make the following: 
Graded Algebras and Verbally prime algebras
Let G be an arbitrary group. The decomposition A = ⊕ g∈G A g is a G-grading if A g A h ⊂ A gh . A non-zero element in ∪ g∈G A g is said to be homogeneous of degree g if a ∈ A g and its degree is denoted by deg(a).
Now we describe the verbally prime algebras. Let V be a vector space with basis {e 1 , e 2 , . . .}. We denote by E the Grassmann algebra of V and recall that this algebra has the presentation:
. . |e i e j = −e j e i , for all i, j ≥ 1 .
It is well known that
Moreover if E 0 is the subspace generated by 1 and the monomials in B with even k and E 1 is the subspace generated by the monomials in B with odd k then E = E 0 ⊕ E 1 is a Z 2 -grading for E. Moreover Z(E) = E 0 and the non-zero product of two homogeneous elements is central if and only if they have the same degree. Kemer proved that every nontrivial verbally prime algebra is p.i. equivalent to one of the algebras M k (F ), M k (E) or to the subalgebra M p,q (E) of M p+q (E) that we describe in the next paragraph.
Let (M p+q (F )) 0 be the subspace of matrices a 0 0 b , where a ∈ M p (F ) and b ∈ M q (F ) and (M p+q (F )) 1 the subspace of matrices 0 c d 0 , where
This tensor product is isomorphic to M p+q (E) and we denote by M p,q (E) the corresponding subalgebra.
Regular Algebras
The following definition of regular algebras was given in [15, Definition 2.3]. (P1) Given n and an ordered sequence i 1 , . . . , i n (1 ≤ i j ≤ r for all i j ), there exist x 1 , . . . , x n where each x j ∈ A i j , and x 1 . . . x n = 0.
Definition 2.2 Let A be an algebra and consider the decomposition
yx, where 0 = ǫ A i,j ∈ F depends only on i and j. Thus for homogeneous x, y ∈ A,
Denote by M A the r × r matrix
In this case we say that the algebra A is regular and that the matrix M A is the matrix of commutation relations of the regular decomposition.
, where e i,j are the matrix units. Then
is a regular decomposition.
The decomposition
is regular with matrix
This regular decomposition is a Z 2 × Z 2 -grading and the center of M 1,1 (E) is the (0, 0) component. The components (0, 1), (1, 0) and
The tensor product of regular algebras has a natural regular decomposition, more precisely:
Similarly let
The ordinary tensor product A ⊗ B is regular for the decomposition
It has the matrix of commutation relations
In the next setion we prove that if A and B are verbally prime regular algebras with the primeness property on central polynomials then A ⊗ B also has the property. The next remarks are used in the proof of this result. Let a = (a 1 , . . . , a n ) be a sequence of non-zero elements in A, it follows from the commutation relations (1) that for every permutation σ ∈ S n there exists 0 = ǫ A σ ∈ F that depends on a and σ only such that
For example, the 2-grading of the Grassmann algebra E is a regular decomposition and if a i = e i for every i then ǫ A σ is just the sign of the permutation (see [9, 
is just the coloured sign of σ (see [12, Corollary20] ). Definition 2.6 Let f (x 1 , . . . , x n ) = σ∈Sn α σ x σ(1) . . . x σ(n) be a multilinear polynomial in F X and a = (a 1 , . . . , a n ) be a sequence of elements in the regular algebra A. We denote by f a the polynomial
The following proposition is an easy consequence of the previous discussion and is used in the proof of Theorem 3.2. A and B be regular algebras and f (x 1 , . . . , x n ) = λ σ x σ(1) . . . x σ(n) be a multilinear polynomial. For every sequence a = (a 1 , . . . , a n ) of elements in A and every sequence b = (b 1 , . . . , b n )of elements in B we have f (a 1 ⊗b 1 , . . . , a n ⊗b n ) = (a 1 . . . a n )⊗f a (b 1 , . . . , b n ) = f b (a 1 . . . a n )⊗b 1 , . . . , b n .
Proposition 2.7 Let
The proof of the second equality is analogous.
Results
In this section we prove the main results. Proof Let f, g be arbitrary polynomials in distinct variables such that f (x 1 , . . . , x r ) · g(x r+1 , . . . , x s ) is a proper central polynomial for A. Write
as a sum of its multihomogeneous components. The products f i · g j are the multihomogeneous components of f · g and therefore f i · g j is a central polynomial for A for every i, j. We apply the multilinearization process to f i · g j and since the polynomials are in distinct variables we obtain the multilinear polynomial f ′ i ·g ′ j where f ′ i , g ′ j are the complete multilinearizations of f i and g j respectively. Note that f ′ i ·g ′ j is a proper central polynomial for A and therefore both f ′ i and g ′ j are central polynomials. Since the field F is of characteristic zero this implies that both f i and g j are central polynomials. Hence we conclude that f and g are central polynomials for A. Proof Let f (x 1 , . . . , x r ), g(x r+1 , . . . , x s ) be polynomials in disjoint sets of variables such that f · g is a central polynomial for C = A ⊗ B. It follows from Proposition 3.1 that we may assume that both polynomials are multilinear. We prove that f is a proper central polynomial for C, the proof for g is analogous. Since g is a multilinear polynomial and is not an identity there exists
is not an identity for B. We claim that for an arbitrary r-tuple a = (a 1 , . . . , a r ) of elements in A the corresponding polynomial f a (x 1 , . . . , x r ) is a central polynomial for B. Since B has the primeness property and it is verbally prime to prove this claim it is enough to prove that the product f a (x 1 , . . . , 1 ⊗b 1 , . . . , a n ⊗b n ) = (a 1 . . . a n )⊗f a (b 1 , . . . , b n ) = f b (a 1 . . . a n )⊗b 1 , . . . , b n .
Since f a (b 1 , . . . , b n ) lies in Z(B) and f b (a 1 . . . a n ) lies in Z(A) we conclude that f (a 1 ⊗ b 1 , . . . , a n ⊗ b n ) lies in Z(C). Clearly f is not an identity and therefore is a proper central polynomial for C.
Our objective now is to prove that the Grassman algebra has the primeness property on central polynomials. The proof uses the well known description of the polynomial identities of E (see for example [6] ). 
where the sum runs on all permutations [i 1 , . . . , i 2m−p , j 1 , j 2 , . . . , j 2p−1 , j 2p ] of 1, . . . , m such that i 1 < . . . < i m−2p , j 1 < j 2 < . . . < j 2p−1 < j 2p .
The proof of the next lemma is based on the proof of [6, Theorem 1.4.4] . f (x 1 , . . . , x m ) is a multilinear polynomial that is not an identity for E then there existis a 1 , . . . , a n in E such that f (a 1 , . . . , a n ) is a nonzero element in the center of E.
Lemma 3.4 If
Proof We may assume that f (x 1 , . . . , x m ) is written as in (2). We choose the minimal p with β i,j = 0 and fix one of the corresponding permutations [i 1 , . . . , i 2m−p , j 1 , j 2 , . . . , j 2p−1 , j 2p ]. We consider the following products of two generators of the Grassmann algebra a i 1 = e 1 e 2 , . . . , a i m−2p = e 2m−4p−1 e 2m−4p−1 and the following generators a j 1 = e 2m−4p+1 , a j 2 = e 2m−4p+2 ,. . ., a j 2p−1 = e 2m−2p−1 ,a j 2p = e 2m−2p−1 . Note that is a non-zero element in the center of E. Moreover all products e a e b lie in the center, and since p is minimal we conclude that all other summands
] are zero and the result of this substitution is a non-zero element in the center of E.
Proposition 3.5 The infinite dimensional Grassmann algebra E has the primeness property on central polynomials.
Proof Let f (x 1 , . . . , x r ), g(x r+1 , . . . , x s ) be polynomials in disjoint sets of variables such that f ·g is a proper central polynomial for E. We may assume that both polynomials are multilinear. It follows from Lemma 3.4 that there exists a r+1 , . . . , a s in E such that b = g(a r+1 , . . . , a s ) = 0 has degree 0 in the Z 2 -grading of E. For every n the subalgebra E ′ of E generated by the e j with j ≥ n is isomorphic to E. Let n be large enough such that if a ′ is a nonzero element of E ′ then a ′ ·b = 0. We prove that f is a central polynomial for E ′ and it follows that f is a central polynomial for E. Given a 1 , . . . , a r in E ′ the product f (a 1 , . . . , a r ) · b lies in Z(E) = E 0 . If f (a 1 , . . . , a r ) = 0 then f (a 1 , . . . , a r ) · b = 0 and we conclude that f (a 1 , . . . , a r ) has degree zero. Since Z(E ′ ) = E 0 ∩ E ′ the polynomial f is a central polynomial for E ′ . The proof that g is a central polynomial is analogous.
We recall the theorem of Regev on the central polynomials of M k (F ).
Theorem 3.6 [14, Regev] Lef F be an infinite field. The algebra M k (F ) has the primeness property on central polynomials
Next we prove our main result.
Theorem 3.7
The verbally prime regular algebras M k (E) and M k,k (E) have the primeness property on central polynomials.
Proof As a consequence of Proposition 3.5 and Theorem 3.2 we conclude that the tensor product E ⊗ E has the primeness property. The algebra M 1,1 (E) satisfies the same polynomials identities as E ⊗ E and therefore has the same central polynomials. This implies that the algebra M 1,1 (E) also has the primeness property. Finally the result follows from the isomorphisms M k (E) ∼ = M k (F ) ⊗ E and M k,k (E) ∼ = M k (E) ⊗ M 1,1 (E) together with Theorem 3.2 and Theorem 3.6.
We remark finally that it is interesting to study the primeness property on the central polynomials of the verbally prime algebras M p,q (E) over a field of characteristic zero and to consider the algebras M n (E) and M p,q (E) over infinite fields.
